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SUMMARY
Thepresentpaperisconcernedwiththephenomenaencounteredwhen
a planeobliqueshockwaveisincidentupontheboundarylayerofa flat
plate.Inanefforto simplifytheproblem,theflowfieldwasdivided
intoa viscouslayernearthewallanda supersonicpotentialouterflow.
Thepressuredisturbancesduetotheincidentwavewouldbe propagated
upstreamanddownstreaminthesubsonicportionoftheboundarylayer,
thusgivingrisetoperturbationsoftheboundarylayer.By restricting
thestudyto infinitesimalincidentcompressionwaves,onlysmallper-
turbationswereencounteredandhencetheordinarylinearizedtheory
couldbe appliedtotheouterflow. Inthelaminarcase,thehoundary-
lsyertreatmentwasbasedupona momentum-integralequationpreviously
derivedby Howarth.Thetwoflowsmustbe compatible;hence,thedeflec-
tionofthestreamlinesneartheboundarylayerwasexpressedinterms
oftheverticalvelocitycomponentalongtheedgeoftheboundsrylayer
andthisrelationwasusedasa boundaryconditionfortheouterflow.
Theboundaryconditiondeterminedtheformofsolutionupstreamanddown-
streamofthepointof incidence.Determinant’onoftheconstantsof
integrationwasaccomplishedby a considerationof conditionsat infinity
anda matchingofthetwoflowsatthepointof incidence.Withthe
outerflowthusdetermined,boundsxy-lsyergrowthandpressuredistribu-
tionwerecomputedandresultsforthelaminarcasewereobtainedas
follows:
(a)ThepressuredisturbancealongthewalldecreasedexponeritiaU.y
“froma defirdtevalueatthepointof incidenceto zerofarupstreamof
thepointof incidence.Downstreamofthepointofincidence,thepres-
sureroseto a maximumvalueandthendroppedoffto thevaluecorre-
spondingtoregulareflection.
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(b)Thedisturbancesproducedby theinteractiondecayedexponen-
tiallyupstre~;fora free-streamMachnumberofapproximately2 anda
Reynoldsnumberofapproximately1500intheundisturbedboundary-layer
displacementthictiesstheupstreaminfluencewasoftheorderof30
boundary-layerdisplacementthiclmesses. .
(c)The“self-induced”pressuregradientalongthewallwassuch
thattheboundarylayermightseparateaheadofthepointof incidence.
If separationccurred,theseparationpointmovedupstreamastheshock
strengthwasincreased.WithincreasingReynoldsnuuiberjtheseparation
pointalsomovedupstream,whereasforincreasingMachnwiber,thesepa-
rationpointmoveddownstream.
Intheturbulentcasetheupstreaminfluencewasquitesmallandthe
incidentwavemustbe reflectedas a shock
INTRODUCTION
wave.
Ithasbeenfoundthatifthefree-streamsubsonicMachnumber
becomeshighenoughsothatlocalsupersoniczoneswe formedonanair-
foil,sharpchangesintheairfoilcharacteristicso curwhichcannotbe
e@ained by classicalaerodynamics.Theresulting10ssofliftis
accompaniedby a largeincreaseofdraginconsequenceoftheappearance
of shockwavesonthesurfaceoftheairfoil.However,closestudy
revealsthatthedragincreaseistoolargetobe accountedforby the
shocklossandchangein skinfriction.Itmustbe causedby thesudden
changeoftheflowpattern.Thisseemsto indicatethattheshockwave,
whenformedovertheairfoilsurface,modifiesthechsracterofthe
boundarylayerinsucha wayasto createa widerwake.
At Guidonia,Ferri,by examiningthemeasuredpressuredistributions
overairfoilsat supersonicspeeds,foundthatfortheforwardportions
oftheairfoiltheexperimentalpressuredistributionagreesquitewell
withthatcalculatedfrompotential-flowtheory(reference1). As the
trailingedgeisapproached,however,theexperimentalpressuresalong
theuppersurface,forpositiveanglesofattack,becomeconsiderably
higherthm thecalculatedones. (Atnegativeanglesofattack,this
behavioroccursalongthe~owersurface.)Thisdiscrepancyisunder-
standableinthelightofthefactthattheboundarylayerontherear
portionoftheairfoilisextremelysensitivetopressuredisturbances.
Sincetheflowfarawayfromtheairfoilhastoreturntoitsoriginal
pressureanddirection,a shockwavemustemanateatornearthetrailing
edge.Thereisa sharppressureriseacrosstheshockandpressuredis-
turbancesaretransmittedupstreaminthemibsonicportionoftheboundary
layercausinga thickeningofthelayernearthetrailingedge.This
thickening,inturn,generatescompressionwaveswhichtraveldownstream
.
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andinteractwiththeshockwave. Thenetresultisthatthereis,
startingfromsomepointforwardofthetrailingedge,a gradualcompres-
siontothemain-streampressure.Thepressuredistributionishence
alteredinsucha mannerasto givevaluesofliftandpressuredrag
smallerthanthosecalculatedfromtheory.Themeasuredmomentcoeffi-
cientwillalsodifferfromthetheoreticsvalues.
Theprecedingdiscussionshowsthat,inthetransonicandsupersonic
regimes,theMachnumberaloneIs insufficienttodeterminetheflow
characteristicstheReynoldsnumbercanalsobe important.Thiswas
firstdemonstratedbyAckeret,Feldmann,andRottin,experimentswhich
establishedthecloserelationshipbetweentheshock-wavepatternand
theReynoldsnumber(reference2). Theseprovebeyonddoubtthatthe
flowfarawayfromthewalldependsintimatelyuponthecharacterofthe
boundarylayer,thatis,theReynoldsnumber.Thus,undersuchcircum-
stances,theconceptoftheboundarylayerrequiresmodification.
As a firststep,a simplifiedproblemofa planeshockwaveincident
uponthelaminsrboundarylayerovera flatsurfacewillbe dealtwith.
Fora numberofyears,Dr.H.W. Liepmannandhisassociatesatthe
CaliforniaInstituteofTechnologyhavebeenconductingexperimental
studiesof shock-waveboundary-layerinteraction.Recentlytheyinvesti-
gatedtheproblemofthereflectionof shockwavesfromboundarylayers
(reference 3). Basedonthequalitativeexperimentaldata,someimpor-
tantconclusionsweredrawnregardingthereflectionofan incidentshock
wavefroma boundarylayer:
(a)Thetypeofboundarylayer,whetherlaminarorturbulent,
marked~”affectstheinteraction.Witha turbulentboundarylayer,the
reflectionispracticallythesameasthatfora regulareflectionin
nonviscousflowtheory.Fora laminarboundarylayer,however,thereis
a largeinteractionzonenearthepointof incidencethatis quitedif-
ferentfromtheregularinviscidreflection.Theincidentwaveis appar-
entlyreflectedas froma constant-pressuresurfaceintheformofa
Prandtl-Meyerfan. Inreturningto itsfinaldirectionparalleltothe
wall,thedeflectedflow,behindtheexpansion,recompressestothepres-
sureappropriateothatbehinda regulareflection.
(b)For M = 1.4 and Rex= ~ = ().9 X 106, the infl~ence ofthe
m
incidentwaveextendsupstreamina laminsxlayera distanceoftheorder
of50boundary-layerdisplacementthicknesses.Ontheotherhand,the
upstreaminfluenceispracticallynegligiblefortheturbulentboundary
layer.
(c)Itappearsthat,exceptforveryweakincidentwaves,thelaminar
layeralmostalwaysseparatessomewherein frontofthepointof inci-
dence,whereasno separationwasfoundfortheturbulentlayer.
— —-- —-— —. ~ -.. .— —.. _— ___—__
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Quiterecently,Berry,Shapiro,andNeumann(reference4)madea
similsmstudyandtheirresultsareinsubstantialgreementwiththe
GUCITresults.An advantageoftheirexperiments,however,isthat,
althoughthetestswerecarriedoutatconstantMachnumber,theReyuolds
numberandshockstrengthwerevariedsothatmorequalitativeaswellas
quantitativedataareavailabletoserveasa guideto futuretheoretical
work.
Theoreticalsolutionsofthis.woblemhavebeenalmostasmeageras
theexperimentalresults.A firstattemptwasmadeby Howarth(refer-
ence5),whoconsideredthecaseofa waveincidentupontheinterface
boundingtwosemi-ihfiniteuniformstreams,onesupersonicandonesub-
sonic. Viscosityandheatconductionwereneglectedandtheequations
werelinearized.He thendemomtratedtheupstreampropagationfdis-
turbancesinthesubsonicportionoftheflowfieldandshowedthatan
incidentcompressionwaveisreflectedas compressionupstreamofthe
pointofincidence-whilebeingreflectedasexpansiondownstreamofthe
pointof incidence.However,theseresultscanonlybe regardedas quali-
tativebecauseoftheobvioushortcodngsofthemodel.Inan effort
tomaketheHowarthmodelmorerealistic,TsienandFinstonsimulated
theboundarylayerwitha uniformsubsonicstreamboundedby a walJon
onesideanda semi-infinite,uniform}supersonicstreamontheother
(reference6). As before,viscosityandheatconductionwereneglected
andonlysmalldisturbanceswereconsidered.Forthecaseofa compres-
sionwaveincidentupontheinterfaceseparatingthetwostreams,itwas
shownthatexceptforthelocalinteraction,theincidentcompression
waveisregularlyreflected.Locally,however,thepressurealongthe
interfaceexhibitscompressionaheadofthepointofincidenceandexpan-
siontiediatel.ybehindit. Thislocalconditionis qualitativelythe
sameasthatobservedinexperimentswithshockreflectionfromlsminar
boundarylayers;consequentlytherearosethespeculationthatperhaps
theeffectsofviscosi~andheatconductionwereactuallynottooimpor-
tantincomparisonwiththeeffectofcoexistenceof supersonicandsub-
sonicstreams.Ifthiswerethecase,itshouldfollowthatanimprove-
mentintheTsien-Finston-modelcouldgiverisetomorequantitative
results.NowanobviousdiscrepancybetweentheTsien-Finstonmodeland
thephysicalsituationisthattheuniformsubsonicstream,inattempting
to simulatethetmundsrylayer,isincapableof satisfyingthe“no-slip”
conditionatthewall. Thus,thenextlogicalstepinthedevelopment
ofthetheorywouldappesrtobe thatofconsideringa main-streamvelo-
citythatvariesfromzeroatthewallto a givenuniformsupersonic
velocitya shortdistancefromthewall,and,infact,thishasbeencon-
sideredbyRobinson(reference7) andLighthil.1(reference8). Robinson
assumedthatthemain-streamveloci~variescontinuouslyfromzeroat
thewallto supersonicvelociwsomedistancefromthewall,whereas
LighthillassunedthattheMachnumber&ies fromzeroatthewallto
somesupersonicvaluea shortdistancefromthewall.A weakwaveis
incidentupontheboundarylayerandthereflectedwavesandupstream
r,
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influencewereevaluated.Nowwiththeimprovedmodel,however,both
investigatorsfound,contraryto experimentalevidence,thattheupstream
influenceisnegligible.AlthoughRobinsonwaschieflyconcernedwith
thedeterminationoftheupstreaminfluence,Lighthillconsidered,in
somedetail,thelocalreflectionoftheshockwave.He concludedthat
a shockisreflectedlocallyasa “pressureridge,”thatis,a rapid
compressionfollowedimmediatelyb a rapidexpansion.Nowa notewas
addedintheproofofreference8 totheeffecthatexperimentalresults
ofIkLirandBardsley(reference9), obtainedattheFluidMotionLabora-
tory,Manchester,establishthattheconclusionsofnegligibleupstream
influenceandtheshockbeinglocallyreflectedasa pressureridgeare
correctforthereflectionofa weakshockfroma turbulentboundary
lwer. (~eserestits,however,kd beenpreviouslyobservedbyAckeret
andLiepmann.)As Lighthillpointedout,theconjecturethatthetheory
iscorrectforvelocityprofilestypicalofturbulentboundarylayers
butincorrectforprofilestypicaloflsminarboundarylayersmaybe
valid. Butuntilsuchtimeasthetheoryismodifiedto accountforvis-
cosity,as suggestedby Lighthi.11,thepresentheoryisincapableof
predictingtheeffectsoftheinteractionbetweena shockwaveanda
lsminarboundarylayer.
Theprecedingtheorieshaveneglectedviscosityandheatconduction
whileconsideringinfinitesimalwavesandsmall.disturbances.Itwould
appesrthattheassumptionf infinitesimalwavesandsmalJ_disturbances
isvalidsincethelineartheory,tobe a goodapproximation,requires
thattheslopesofthestreamlinesbe small.Forweakincidentshock
waves,theslopeofthedisplacementthicbesswouldprobablybe small,
exceptperhapsintheimmediatevicinityofthewave. Theneglectionof
viscosi@jontheotherhand,seemstobe moreserious.Iftheeffects
ofviscositywerenottooimportant,onewouldexpecthat,forfixed
Machnuniberandshockstrength,theeffectofReynoldsnmibershouldbe
rathersmall.Actually,thisisnotthecasesincetheresultsofBsrry,
Neumann,andShapiroclearlyshowthatchangesinReynoldsmuriberhavea
markedeffectupontheshock-wave- lsminar-boundary-layerinteraction
(reference4). Henceitappearsthata theorycapableofpredictingthe
effectsofthiscomplicatedphenomenonmustincludetheeffectsof
viscosi-&y.
At present,asfarastheauthorsareaware,theonlysolutionthat
includesviscouseffectswasgivenbyLees(reference10). TheLees
theoryisbasedonanapproximater lationshipbetweentheslopeofthe
displacementthiclmessandtheexternalpressuregradientderivedfrom
Prandtl-Meyerflow.By combiningthisrelationwiththemomentum-
inte~alequationandneglectingtermsoftheorderof Re-l Leessrrived
ata third-order,linear,differentialequationforthepressure.Onthe
assumptionthatthisequationisvalidallalongtheboundarylayer,he
wasableto de$erminetheboundary-layergrowthandpressuredistribution.
He foundtheupstreaminfluence”compsrablewiththatwhichisobserved
. ....— — . —— -——— ~= —— ——— ——.—
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experimentallyandshowed,also,thatthebound~ layeralways epa-
ratesexceptinthosecaseswheretheincidentwaveisquiteweak.How- ~
ever,histheoreticalpressuredistributionsfailto exhibithecharac-
teristicdownstreambehavior.Thispointwillbe discussedlater.
.
FollowingtheapproachofOswatitchandWieghardtintheirstudyof
thegrowthofdisturbancesina supersonicstreamoutsidelsminsror
turbulentboundarylayers(referenceI-1),theproblemistreatedasan
outerflow,witha shock,inequilibriumwitha boundary-l~erflow.
Insteadofexpressingthedeflectionfthestreamlineintermsofpres-
surerise,as inLees’problem,a procedureafterOswatitchandWieghardt
istakenbyconnectingtheverticalvelocityoftheouterflowwiththe
streamlined flection,asgivenby thenmmentumintegralofthebound.ary-
layerflow.Thisreducestheproblemto aninviscidonewhichcanbe
solvedsystematicallytoanyorderofapproximation.
ThisstudywasconductedattheGraduateSchoolofAeronautical
EngineeringofCornellUniversi_@underthesponsorshipandwiththe
financialassistanceoftheNationalAdvisoryCommitteeforAeronautics.
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f,g furlctfonsof E - ~q and ~ + ~V, respectively
F=27- 273+ #
g~)@>E33>Q definedbyequations(8)
G= ~q(l - T#
h functionof E - mm~
,,
——.
— -–
— — —_.——__ . .
NACATN 2868 ,7
..
..
k
K
.
“’c
M
~ =U/ao
Mm /=Uam
P
P’
Pr
R
Re
Rex= Ux/Vo
T
u,v
U’,v’
u
X’,y’
a
coefficientofthermslconductivity
I&m&nmomentumequationforcompressibleviscousfluids
Machnuuiber(U/a)
pressure
perturbedpressure “
fianatlnuder (pep/k)
universalgasconstant
Reynoldsnuniber(U50*/V~
temperature
velocitycomponentsparallelandnormalto flowdirection,
respectively
velocitypertibations
free-streamveloci~
coordi~tesparallel
respectively
valuesof x and y
nondimensionalizedwith U
andnormalto flowdirection,
(intransformed.plane x’ = x;
constant
,..q@&32J
\
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ratioofspecificheats(cp/cv)
boundary-lsyerthiclmess
boundary-layerdisplacementthickness
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undisturbedboundary-layerdisplacementthictiess
boundary-layerthicknessintransformedplane
boundsry-l~erdisplacementthicknessintransformedplane
disturbedboundary-layerdisplacementthicbessnondimen-
sionali.zedwith bo*
flow-deflectionangle
e boundarynlayer
e’ boundszy-layer
momentumthiclmess(1’ F-t)&+
momentumthictiessintransformedplane
~lY%!9X3 rootsofequation(16)
~ _ (V2(1+7 )+’%?%‘o
r.
“,
.
P coefficientofviscosity
v Hnematiccoefficientofviscosity
T shearstress
fl perturbationvelocitypotential,
with ~o*
nondimensionalzed
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x
9
Subscripts
d
e
i
z
o
s
t
w
1,2,3
m
9
totalpotential
functionof X’ and y’
streamfunction
evaluatedatdistanceofupstreaminfluence
evaluatedalongedgeofboundarylayer
1, 2,or 3
laminarcase
standardcondition,suchas stagnationpointorundis-
turbedstate
separationpoint
turbulentcase
evaluatedatwall
evaluatedinregions1, 2,or3,respectively(seefig.1)
evaluatedinundisturbedfreestream
OUTLINEOF PRESENTINVESTIGATION
Inthepresentstudytheeffectofan infinitesimalcompression
waveincidentuponthelaminarboundarylayeralonga flatplatein
supersonicflowwillbe considered.Thepressuregradientintheflow
directionisdeterminedto theorderofapproximationoftheordinsry
boundary-layertheorysolelyby the‘shapeoftheboundary.Thepoten-
tialflowthuscompletelydeterminestheboundary-layergrowth.Inthe
problemof ,titeractionbetweena shockwaveanda boundarylayer,how-
ever,thephenomenaarequitedifferent.Inthatcasethepressuredis-
turbancesthatsrepropagatedupstreaminthesubsonicportionofthe
boundsrylayerwillaffectheboundary-layergrowth.Itbecomesclear
thattheouterflowinfluencesthebound--layergrowthandthatthe
boundary-layergrowth,inturn,influencestheouterflow,sothata
solutionthatis simultmeouslycompatiblewiththetwoflowsmustbe
sought.
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Anothersignificantdifferenceb tweentheinteractiona dnoninter-
actionproblemsoccursintieseparationphenomenon.Fortheusualcase
ofboundsry-layerflowagainsta pressuxegradient,itislmownthatthe
flowseparatesfromthewallatthepointwhere
()
au
Gw=o”
Downstream
oftheseparationpointtheoriginalflowisdeflectedawayfromthewall
by thebackflow,a vortexlayerseparatingthetwoflows.Theinteract-
ion ofa shockwavewitha laminkrboundarylayer,however,producesa
differentformof separation.Experimentaletidenceindicatesthatalong
thewallthereexd.stsa shortthinregion,extendingslightlyupstream
fromthefootoftheshockwave,inwhichtheflowhaspracticallyzero
veloci~;theboundarybetweenthisseparatedflowandthemain~oundary-
layerflowisa vortexsheet.A plausibleexplanationfthisphenomenon
isproposedby Lighthil.1,whosuggeststhatthepressurediscontinuity
occurringwhena shock’titeractswitha laminarboundarylayercausesthe
flowto sepsrateintosomeformof “bubble”atthebaseoftheshockwave.
Oncesuch”abubbleisproduced,theboundarylayerupstreamofthesepa-
ratedregionwillbe deflectedsoasto increasetheexternalpressure
gradient.Thisresultsinfurtherseparationftheboundarylayerand
hencefurtherupstreamdeflection.Thisprocessofrepeatedseparation
causestheedgeofthebubbletomoveupstreamuntilsuchtimeasthe
inducedpressuregradientisnolongerableto causeseparationfthe
boundarylayer.Thenetresultistheoneindicatedinexperiments.
Immediatelybehindthepointofinteraction,thedeflectedflow,in
returningto itsoriginal.directionparalleltothewall,undergoesa
veryrapidcompression,therebycausingan extremelylargepressuregra-
dient.Itislmownfromexperimentalresultsthattheboundarylayer
downstreamisturbulent,butwhethertheextremepressuregradientcauses
separationa dhencecausestheboundarylayertobecometurbulentor
whethertheflowatthatpointisalreadyturbulentandthuscansustain
largepressuregradientsmustremainatthistimea matterofconjecture.
Whateverthecasemaybe,intheproblemforweakshocktheflowwillbe
/ assumedtoremainlsminardownstreamofthepointof incidence(cf.ref-
erence12). Positiveinfinityinrelationtotheproblemwillbe taken
tomeana distancedownstreamoftheorderof100boundsry-@ertlxLck-
nesses.Inaddition,anymentionofboundary-layerseparationwillrefer
tothe“deadairbubble”phenomenon.
Inthepresentheoryitisassumedthattheboundsmy-layeregua-
tionsareapplicableoverthewholeplane.Strictlyspeaking,thevalid-
i~ oftheusualboundsry-layerassumptionsearthebaseoftheshock
waveisdoubted,sinceseparationccurs.“However,it isbelievedthat
forweakincidentwaves,a theorybasedontheaboveassumptionswill
stillenableoneto determinesomeoftheimportantcharacteristicsof
theflow. Inparticularitisdesiredtodeterminetheextentofthe
separatedregion,sincethisinvestigationismerelythefirststepofa
proposedtheorywhichwSU endeavortotakeseparationintoaccount.
P
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Themorerefinedtheoryisthen
zone,slightcorrectionstothe
11
expectedto furnish,intheseparation
simplifiedtheory.
.
,.
,,
Theflowfieldisassumedtobe dividedintotwodistinctregions
asfollows:
(a)A thinlayeradjacentotheplatewhereinthereislaminar-
typebounday-layerflow
(b)An outersupersonicpotentialflowfield
Sinceaninfinitesimalcompressionwaveisassumed,theupstream
pressurepropagationisexpectedtoperturbtheboundarylayerjust
slightly,thusimposingsmalldisturbancesupontheouterflow.This
justifiesthelinearizationofthesupersonicouterflow. (Resultsof
thistheorywillofcoursebe applicableonlyforfairlyweakshock
waves.)Theflowfieldhasbeenassumedtobe separatedintotwodis-
tinctregions.Inrealitya continuousvariationinvelocityfromzero
attheboundaryto somemain-streamvaluea shortdistancefromthewall
islmownto exist.Theactualdistanceatwhichthevelocityreachesits
main-streamvalueisratherindefMite;hencetheso-calledboundary-
layerdisplacementthichess ~*(~)isdef~ed. Physicallyitrepresents
howmuchthepotentialflowstreamlinesaredeflectedbecauseofthe
reductioninmassflowcausedby theretardedvelocitiesnearthewall.
Theviscouseffectsarethuscharacterizedby a layerwhosethickness
is 5*(x),andthelinkconnectingtheouterflowtotheboundary-lsyer
flowistheconditionthattheline y = ~*(x) isa stre~~e ofthe
outerflow.Thetreatmentoftheboundarylayerinthepresentstudyis
basedupona momentum-integraleguationpreviouslyderivedbyHowarth
(reference13). Thedeflectionftheboundarylayerisexpressedin
termsoftheverticalveloci~componentalongtheedgeofthelayerand
thisrelationiswed asa boundaryconditionfortheouterflow.Hence
theover-allproblemisthenreducedto thesolutionofa purelysuper-
sonicpotential-flowproblem.
IAMINAR-BOUNDARY-IA~EQUATIONS
ThePrandtlboundary-layerequationsforthetwo-dimensional,steady
flowofa viscouscompressiblefluidare:
r
. .—-————.———-— .—— —.—— —. —c ._._.
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*PU)+$(PV)=(
“4”*+V9=”*‘$92+$(!+$’
p= R@ll
Here u and v denote,respectively,the x and y componentsofthe
velocityand p, P, and T, thepressure,density,andtemperatureof
thefhid. Inorderto simplifytheproblem,Howarth(reference13)
assumesthatthecoefficientofviscosi~ p isproportionalto -the
temperatureandtheRrandtlnuniberisunity.Theseassumptions,of
course,introducesomeapproximation,butaccordingtotheresultsof
EmmonsandBrainerd(references14 and15), theboundary-layercharacter-
isticsdependveryinsensitivelyontheformof P(T) andthechangeof
IhandtlnwiberformoderateMachnumbers.Therefore,thesimplificatio~.
broughtaboutby thisassumptionjustifythe
By introductionfthestreamfunction
av
‘v=-“Os
andby introductionfthetransformation
x’=x
slight10ssinaccuracy.
+
@Y
.
()l/2$. & X(x’,y!)
.
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themomentumequationis
13
transformedinto
Y-x ax
axt ~t ~-
where PO) To,
a2x ax
[
‘% T a% 1 a3x——(&t)2~=~a ~- 2:2x4 (b!)2 + “o (*’)3
and V. standforthedensity,temperature,andkinematic
viscosityofa standardcondition,thestagnationpoint,say,andare
constants,andthesubscripte itiicatestheconditionattheedgeof
theboundarylayer.Inthecaseofa thermallyinsulatedplate() = 0,theconditionofunityItmndtlnumberadmitsa specialsolu-$.
~ionontheplate(reference16)
12
cpT+~u 12‘cPTe+~ue
Uponeliminationf
a% ax ~2x
—-—
ax!ayftit (w)2
T,thereresultstheequation:
ax a3x +sz=vo(ay+
d%Thus,it isseenthatwhen -&-= O,thatis,atconstantpressue,this
eguationisidenticaltotheequationfortheincompressiblef uid.
Let 8’ be theboundary-layert~clmessinthetransformedplane,
anddefinethecorres~ndingdisplacementandmomentumthicknessesby
--.—. —— — —-. . ——
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Then,by inte~atingequation(1)acrosstheboundarylayer,theegua-
tionrelatingtheboundsry-layerthicknesseswiththevelocityis .
Thesimilarityofthisequation;O“}hatoftheincompressiblef owsug-
geststheapplicabilityoftheKsrman-Pohlhausenprocedure. .
Ifthevelocityprofileisgivenby(reference13)
>
where
F=2rI- 2q3+ l-lk
*=(5’ )21+7-1
~o (
— G2) >
2
with
it followsthat
( 5A2)]~37-$-~“ ’315
(3)
.
——.——. ——— -
—. e..
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Substitutionfthe
givesrisetoa relation
15
quantitiesof eguations(3) intoequation(2)
betweentheboundary-layerthickness5’ and
thevelocity~(x), witha parameterA. Now,inthepresentproblem,
astheflowintheboundarylayermustbe compatiblewiththepotential
field,theflowdeflectiond8*/dxoftheboundarylayerdeterminesthe
flowintheouterfield.Therefore,b’ shouldbe eliminated.Forthis
purpose,letthedisplacementthicknessbe introduced:
Butinthetransformedplanethereis
By meansofthetemperature-veloci@relationandPohlhausen’sprofile
thiswilJyield
I’?ow,fromthesecondofequations(3), 51* isalreadyexpressedin
termsof 5’ and A. Theeliminationf 5’*,thengives
. . .—...–— ..- —-— ––—— --———-
16
Theoretically,
Onlyinthecaseof
NACATN 2369
thiseguationdefines5’ asa functionof 5*.
smallpressuregradient,namely,
%= U(l+ u’+...)
u’ << 1
however,isa simpleanalyticalsolutionpossible.Forby retaining
onlylinesrtermsin u’ anditsderivativesthereisobtained(refer-
ence17)
i where ~ = ~ and u=l - y & Moreover,sinceu’ isassumed
ao
tobe small,thatis,forweakinteraction,theboundary-layerthick-
ness 5’ mustalsodifferfromtheunperturbedvalueby a smallamount.
Therefore,tothefirst-orderapproximationthereresultsthesolution:
(.~’ = o-s- 37 +263 ‘lb*_315 6300)
Let 80* be theunperturbeddisplacementthiclmessandwrite
8*= bo*(l+A)
(6)
.
.
— .. -—— —.
———-— —..—— -—
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Substituti~equation(6) inthemomentume~ation(2),rephci~ Xf
by x,andkeepingonlyfirst-orderterms,oneobtains,by takinginto
d~o%
account50*— = Constant,thefollcwinglihesrequation(refer-dx
ence17): . x.
glA+&= @u’ + g3:’
d~, ‘..
—+ L34--d~2
ldA
(
— — gpu’+ 3g3:’
)
d% ‘
gld~ —+~g4— d62
where
E=&
o
. L (263)2
‘1 % (37)(63o) “-&t -~o)2*
with
(3 - Y)M02
g3 =
2a -2-
15934+ 74X8 1
9731 360047u
1 ->0
263
‘&(%y(%g.)-3gk = -Reu=
U50*
Re =.7
o“
(7)
(8)
.. —.. —. ——-— _ ___
——— .-— —
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Themomentumintegalthusrelatesthedisplacement-thicknessperturba-
tion A totheveloci~perturbationa ditsderivativesalongtheedge .
oftheboundsrylayer.
SOLUTIONOFBOUNDARY-VALUEFROBLEMOFOUTERFLOW
Untilnowthestudyhasbeendirectedat obtainingan explicitrela-
tionshipfortheboundary-layerdisplacementthiclmessasgiveninequa-
tion(7). Nowtheextentoftheinteractionzoneisonlya fractionof
thedistancefromtheleadingedgeoftheplate,hence bo*(~)~~be
assumedtobe constantoverthisrange.Equation(7)thenbecomesa
linearequationwithconstantcoefficients.
Theproblemisnowoneofdeterminingthesupersonicpotentialflow
pasta thinbodywhosethicknessatanypointcorrespondstotheperturbed
boundary-layerthicknessatthat~int. Considertheprobleminthe
coordinatesshowninfigure2.
Theundisturbedthiclmessis seento correspondto y = O. Strictly
speaking,theundistibedthiclmesshouldbe at y = bo* inthephysical
plane.Butsincetheouterflowdoesnotdependuponthelocationofthe
origino,fcoordinates,theboundaryconditionscube $implifiedslightly
by choosingtheaxesas indicatedinfigure2. Then,consistentwith
lineartheory,theboundaryconditionsaresatisfiedattheundisturbed
surface,name~, y=o.
Thelinearizeddifferentialequationfortheperturbationveloci@ .
potentialofthesupersonicstreamis
where E= & and q = *, andthegeneralsolutionisgivenby
o 0
@=f(E -%11)+g(E+%ll)
,
——-—— — —
——— —.— -
(9)
(lo)
.
.
.-
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Theincidentwave6willbe takenas
19
(11)
Thiscorrespondsto a simplecompressionwave,ofdeflectiona gle e,
incidentupo?theorigin.(Accordingtotheabovedefinition,theabso-
lutevalueof e willbeusedinanycomputations.)
r
UpstreamSolution
Theincidentwavecausestheboundarylayertobe perturbedupstream
anddownstreamofthepointof incidence.Sincenodisturbancescanbe
propagatedupstreamintothesupersonicflow,thephysicallypossible
solutionsinregion1 willbewavesoftheform @l= f(~.-%q). The
normalveloci~componentattheboundarymustbe zero,hencethecondi-
tionthattheslopeofthestreamlineisequaltotheslopeofthedis-
placementboundary-layerthictiess5* is imposed.Theveloci~vector
ofthesupersonicflowhas’components[( 1U 1 + u’),UV’, whereUi = a@/aE
and v’ = @)~, sothatthelinearizedboundaryconditionbecomes
or
dA
— = -qf’(g)d~ atq=O (12)
Nowsincetheboundaryconditionison d A/d~ ratherthan A,
equation(7) isdifferentiatedwithrespecto ~,considering50* to
be constant:
——— ————. . . _ _
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(13)
Iftheboundarycondition(12)issubstitutedintoequation(13), andit
du‘isnotedthatat q = O, — = f“(~))~ sofo~h) ~ o~dg
nonlineardifferentialeguationfor f(~) willbe obtained.By line-
arizingthiseguation:
o g4fiv(E)+ gsf“’(6)+ (g2+m@)i’’(~)+glmJ’(~)=0 (14)
Thecoefficientsineguation(14)areconstantfora specificaseof
MachnwiberandReynoldsnumber,hencethesolutioncanbe immediately
writtenas
(15)
.
.
.
wherethe &’s arerootsoftheeguation
t3@3+.f3=jA2+ (gz+mm)~+glmm= O (16)
Forthecasesunderconsiderationeguation(16) hasthreerealroots,
onepositiveandtwonegative.Let ~>0, Xl<o,ana ~3<O. In
ordertohave-alldisturbancesvanishas
~ +-W it isseenfrom
eguation(15) that
BO=CO=AO=O
,,
,-
,
——— ———
—
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Theupstreamsolutionisthen ,
or inthephysicalplane
Thesolutionin
flowislinear,
x- q.J<o I
0(17)
(18)
region2 follows
hence,by adding
immediately.’Theequationfortheouter
solutions,
jij2.Aew-w)-+(x +llLJ)
03 1 (19)
x+n+y>o I
-;.,
Downstream
Inregion3 thesolutionto the
tionis
J
Solution
line=izedsupersonicflowegua-
Btitg(~+ &TI) isknownsinceit istheincidentwave,henceuseofthe
boundsryconditionattheinterfacewillresultinan ordinarydifferen-
tialecjuationfor h(g).Thenondfmensionalized
theform
boundaryco~itiontakes
= o (20)
—. ——
22
8ince %..,
- Q’(g)‘av ,
Substitutinge uation(20)intoeguation(13),
g4hiv+ g3h’”+ (g2+ ~)h” + gl~’ = =gle
It canbe seen
equation(15).
NACATN28d3
.
thatthecomplementarysolutionwillbe identicalto
Hencethecompletesolutionis
(21)
(22)
whereagainA2 > 0, Al<O, and A3 <O. Choose~ = O without
affectinganyofthephysicalquantitiessuchasveloci~orpressure
sinceh(~) merelyrepresentsa velocitypotential.To eliminatethe
possibili~of~-veloci~ becominginfiniteas ~~m put
Thenthe
Thenthe
The
perturbedveloci~potentialinregion3 is
x -Il&y>o
E O.=
1(23) ,:
.
}
(24)
DeterminationfConstants
.
mroblemnowinvolvesfourconstantsA, B, C, and D1 with
threepsr-metersl& c,and Re~ Additionalconditio&musttherefore
be imposedinorderto determinetheconstantsasfunctionsofthe
%’heconstantD isa measureofthedownstreamboundary-layer
thicknessas showninthefollowingdiscussion.
.
— ——. ——————--—— --.-—— -———- ----
.——.
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parameters.Itisnotedthattheouterflowfieldwasdividedintodis-
tinctregionsby thelinesOS and OM (figure2),sothattheboundary
layersinregions1 @i 3 weretreatedindependentlyofeachother.
Theseboundarylayersarethereforerelatedatthepointofincidenceby
thefollowingconditions:
(a)
(b)
(c)
Theboundary-layerdisplacementthiclmessmustbe continuous
atx=O
Thewallpressuremustbe continuousat x = O
r
%
Discontinuities,ifany,mustsatisfy lim Kdx=O
XO+OJ-XO
where K = O denotestheK6rm6nmomentumequationforcompres-
sibleviscousfltids
Condition(a).-Computetheboundarylayersforregions1 W 3 and
thenmatchthedisplacementthicknessesattheorigin.Onehasas a
boundarycondition
at 7 = O, i=lor3
whereAi
thickness
From
~i*
= — - 1 and 5i* isthetotalboundary-layerdisplacement“GO*
inregions1 or3.
e~ation(18)oneobtainsforregion1
Al
—= -mm?@e%’
d Al
d~
79E
= -m#e + constant
Alldisturbancesvanish
~ >0, thee~onential
equalszero.Therefore
or
farupstreamsothat Al(-m)= O. Butsince
termvanishesas ~~-rn, hencetheconstant
. —.. ——n —. ..—— ——— —-—— —-----— --
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Forregion3 oneobtains,accordingto equations(24),
d A3
—=
d~ -n@A~eA~C- mJA3eA3e
A3 = -m#e’15- mJ!eh3~+ Constant
.Let A3(@)-– D andsincetheexponentialvanishatpositiveinfinity,
theconstantequalsD.
Therefore
A3 = ?yE - mCeA35+ D-mJ3e m
or
Thusitisseenthatforthetotaldownstreamthiclmess
J3Yputting 51* = 53* at x = O,
A=B+C-#
w
(25)
Condition(b).-Sincethevalidi~oftheusualboundary-layer
assumptionsintheinteractionzonehasbeenassumedinthecaseofweak
shockinteraction,thepressureatthewall,asa ftcstapproximation,
equalsthepressureattheinterface.Thepressureatthewallaswell
asattheinterfaceisthereforerequiredtobe continuous.As a conse-
quence,thepressurejumpduetotheincidentwavemustnecessarilybe
neutralizedby a reflectedexpansionwave. Thisdeductionisactually
confirmedby experiments.
.
I
.
.
.
Thepressureineachregionco~istsofanundisturbedpressurep.
plusa perturbedpressurepl duetotheincidentwave; P=PO+P’.
Sincet~eundisturbedpressureisthesamethroughouttheflowfield,
onlytheperturbedpressures,which,by smallperturbationtheory,
4Q
.
..
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are P‘= -PJJu’,willbe considered.Thevelocitypotentials@l, 62,
tmd @3 havepreviouslybeenfound,and,accordingly,thepressuresare
givenby
.
*x-mJ
PI’= -Y&%oA~e
[
&(x-m~)
P3r = -YMW%OBA1e +
Theconditionforcontinuouspressureat
PI’= P3’
A3 .
@’-may) Ze
CA3e -—
%
theoriginis
hence
(26)
(27)
(28)
Thisconditionshowsthatthediscontinui~”betweenregions2 and3 cor-
responds,inlineartheory,to anexpansionoftheflowfromregions2
to 3 by a waveofthesanemagnitudeastheincidentwave. NowsinceAl
and A3 arenegative,thedownstreampressurealongtheinterfacey = O
is
(29)
as k+m. Thisasymptoticvalueofthepressureisexactlytwicethe
inc,identpressurerise;therefore,asanticipated,theincidentwaveis
reflectedasa regulareflectionfroma solidboundary.
Condition(c).-TheK&m&n’momen-hun-inte@al‘equationforcompres-
siblefluidsis
,,J’d.~ ‘6pu2dy -u& [ dpZ. ~dy=-~8-Two
—... ______ . —— —-——
.—— — ———.
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whereTv indicatesthewallshearstress.Withtheordinarydefinitions
ofthedisplacementandmomentumthicknesses,theeguationbecomes
S(’cue”) + ‘e%” 2 = ‘w
Fromtheouterflow .
thus
due dp
peue~ ..=
&(”e”$’)
Fromthepreviousnotationitis
K (= & ‘cue%
a*!2_Tw=o
ax
seenthat
‘&++@%w
As theboundary-layerregions1 and3
thepressuregradientandvelocitytherein
origin.Inorderthatthediscontinuities
caleguations,itisnecessarythat:
u
areindependentlyconsidered,
mightbe discontinuousatthe
b consistentwiththedymami-
mu xo~J’ [(~peU.e29- &+p)+pg-
1
Twdx=o
%-+0 -%
or
d~* discontimOUSNow & isrequiredtobe continuousattheorigin,p ~,
butfinite,andtheshearstressTwjfinite;then,inthelimit,the
__—. —.———
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twointegralsvaniahand
lim
(
Pel.le28
Xo+o
remains.Therefore,inthelimit,
P3U3%3- Plul%l-
Theconditionthat pl = p3 at x =
andhenceequation(30)reducesto
Plul%l= P3u3*e3
Thisequation,linearizedin
where
.
Reuls-
( )
37 263 3
m-~
.Uz%~
a2= (315
)‘o6+$-Q
-X.
27
,
= o
Y = O hasalreadybeenimposed
at x =y=o
u’ anditsderivatives,becomes
{
,= 1 [%5).-*-~m+ (37 263E- )~ I
)[ (263 ‘1 122637-1 1-—6300 2+% 630 ‘a
Thepressureswereequalattheorigin,sothat,in
streamwisep rturbationvelocitiesarealsoegual.
atx=y=O.
(30)
(31)
(32)
-1
linear theory,the
ThereforeUl”t= u3f
,
. .——. ———.—.—— ——
—— ____ ...+ ___ . . . . ... -— ———-
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Nowsinceal # O and ~ # O, fortherangeof l& and Re
m
studied
dulf du3‘
—=—
ax ax
at x=y=O (33) “
It isthereforeseen-that,inthelineartheory,continuousPressure
alsoimpliescontinuouspressuregradient.Since
dul’ %2
— = ljo*ax
du3‘
—=
ax (& BA12+ CA32o )
thereisobtainedfrom qmtion (33)
Conditions(a),(b),and(c)lead
forfourconstantsA, B, C, aud D.
that
atx=y=O
at x=y=O
+ CA32
to eguations(25),
Butpreviouslyit
(34)
(28), and(34)
hasbeen shown
Thusitis seentha% D merelydeterminesthedownstreamboundary-layer
thiclmess,whereasA, B, and C determinethelocalchsracterofthe
perturbation.Therefore,ifthedownstreamthichesscanbe esthated,
therewillbe a determinateproblem.Assumeforthepresentatleast,
that D isdetermined.TheconstantsA, B, andC canthenbesolved
for-fromthefoU.owingequations: Q
A=B+C-~
mm
A~2 = BA12+Ch32
.
.—— —— .— — —— -——
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!l%e.solutions
29
. A=
B=
c=
Evaluationof D.-Itis seenfromequations(35)thatthelocal
perturbationsaredeterminedoncetheconstantD isspecified.As
ithasbeenshownthat D characterizesthethickeningoftheboundary
layerthrougha shock,it canbe determinedapproximatelybythe
‘followingconsideration.
.
When~ w~akshockisincidentuponthebcfundarylayer,itisassumed
thattheKsrmanmomentum-integralequation
isvalidthroughoutthedisturbedboundary-layerflow.Fora givenpres-
suredistribution,thegrowthoftheboundarylayerisgovernedby this
equation.Whena shockisincidentupontheboundarylayer,ithasbeen
theoreticallypredictedandexpertientallyverifiedthattheflowup-
streamofthepointof incidenceisseparatedovera considerableportion
ofthedisturbedflow;hencetheshearstressbecomesrelativelyunimpor-
tant. Downstreamofthepointof incidence,sincetheflowisdominated
by pressureforces,whethertheflowislaminarorturbulenttheshesr
isknown,fromexperimentalresults,tobe verysmalJ(reference18).
Hencefor the present ap~roxhation, the shear stress canbe neglected.
Furthermore,iftheratio &/g E H isregardedasa par~ter,
themomentumequationgivesthemomentumthicknessasa functionof Ue(x).
Now,itisknownthat H issubstantiallyincreasedby theshock,and
to a lesseretientbythecompressibility.Ingoingthrougha shock,H
firstincreasesbecauseofthe,shockandthendecreasesbecauseofthe
dropinMachnuniber.Hencejas a firstapproximation,H canbetaken
tobe someconstantaveragevalueovertheinteractionrange.. (Thisis
..—. — ..— —..—.—.——..—__—. —— -———..——. ..— —. —.—— --—.—
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aimilsx tothe
ence19). ) In
interaction.
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procedurementioned.by NitzbergandCrandall(refer-
particular,H willbe takenasthevalueaheado,fthe
Themomentum-integralequationowbecomes:
or
(& 10geepel.le)2+H = o
Integratingbetweenregions1 and3, stationsfarupstreamanddownstream
ofthepetitof incidence,
OIPIU12+H= 63P3U32+H
or
/j=* 2+H“(31/u.\
.L-L+= u—P3U3
Forlsminarflowovera flatplatewhere
(36) -
-.
U@ (aT/b)w= O,theformulagivenbyLees(reference20,p. 119)
for H canbetaken:
H= ()2.50 + 3.50~Iq2
Thethickeningpredictedby equation(36)isshowninfigure3.
Valuesofthedensi~andveloci~-ratioswerecomputedexact~andto
firstorderinthedeflectiona gle.Forsnal.1deflectiona gles,the
agreementbetweenthe“exact”thiclmessratioandthatobtainedfrom
lineartheoryisquitegood.Thecrossesonfi@e 3 arethee~eri-
mentalvaluesforvariousReynoldsnunibersobtainedby Barry,Shapiro,
andNeumann(reference4),andthereisfairagreementbetweentheory
andexperiment.Actually,theexperimentaldatame visualestimatesof
theratioofboundary-lsyerthicknesses,othatfora comparisonbetween
.
. — .—. .
—— —.——._ —...
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theoryandexperiment,heratioofboundary-layerthicknessto displace-
mentthicknesswouldhavetobe assumedtobe thesameupstreamaswell
asdownstreamofthepointofincidence.Inviewoftheassumptiona d
theallowableexperimentalerrorinthevisualizationof schlierenphoto-
graphs,theexperimentalvaluesmustbe regardedas qualitative.The
theoretical.valuesofthethiclmessratioarenearthelowerlimitofthe
experimentalvalues.Thisisprobablyduetothefactthatthevalue
of H wasunderestimated,sinceanaverageH throughtheiriteraction
rangewouldbe largerthantheinitialvalue.
EvaluatingD accordingtothelines theory,
53* PI 102+H—=— —51* P3U3
and“
P1 ~ -2,
—= -—
P3 %
U1
–=1+=
‘3 %
hence
But
83*
—=l+D51*
Therefore
D (‘~2+H -&2)Oa
—.——— -.— — —
———
. —.- —
.— --—
____ ..—-
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()H = 2.5-0+ 3.50~M@2
(D=~4.50-ma 0.*2)
EffectsofDownstreamThicker&g
ConsidertheconstantA governingtheupstreamflow:
‘=d%%(-~)‘ . -$2Lw(-~)
.
(37)
or
r —
Thecoefficientsme givenintable1;henceitisseenthatforall
casesinthepresentrangeofMachnunibersandReynoldsnumbersthecon-
tributionof D towardA amountsto lessthan10percent.Thusitis
seenthat,inthepresentrange,a preciseknowledge-ofthedownstream
thicknessisnotessentialtothedeterminationoftheupstreamflow.
Theeffectonthedownstreamflowisnotquitesostraightforward,
sincetwoconstantsB and C areinvolved.As an indicationfthe
downstreamflow,considerthepressuredistributionalongthewall. It
hasbeenseenthat,fardownstream,thepressureattainsa constant
value,namelythepressurethatwouldhavebeenanticipatedhadthere
beena regulareflection.Immediatelybehindthepointof incidencethe
pressureismuchlowerthanthisendpressuresincetheflowhasjust
undergoneanexpansiontothepressurethatexistedbeforethepointof
incidence.Themannerinwhichthepressureproceedsfromitsvalueat
theoriginto itsfinaldownstreamvalueis thenofsomeimportance.
Doesthepressureincreasemonotonicallyto itsfinalvalue,ordoesthe
pressureatanypointrisehigherthanthefinalvalue?Liepmann(refer-
ence3)hasfoundexperimentallythatforthereflectionofa shockwave
froma laminarboundarylayerthereindeedexistsa definitedownstream
overcompression.Thepressurerisessharplyto somevaluehigherthan1
.!
._——
—. . _..—.—- —
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theendpressureandthentapersoff. TheexperimentalfindingsofBarry,
Shapiro,andNeumann(reference4)alsoconfirmthisobservation,although
theirresultshowtheovercompressiont be slightlylesspronounced.
~ Considerthebehaviorofthetheoreticaldownstreampressuredistri-
bution.Alongtheinterfacethetotalpressureisgivenas
and
as
(38)
(39)
sothatfardownstream,consistentwithlineartheory,thecorrectpres-
surebehindtheregulmreflectionisobtained.Then
whereine > 0
and Xl areof
timesas small.
and D>O. NOW
thesameorderof
HenceB <0.
A2>0, Al<o,
-tide, while
and A3 < 0,whereA2
A? isaboutten
Consider
r
-1
c=
——.—...——— .-. .———— —
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Nowthe
whereas
secondtermiO
thefirstterm
thesignof ~ + Al.
id.waysnegativeinthe
maybe eitherpositive
ItturnEoutthatfor
firsttermispositive,henceC > 0. For&
termisnegative,but
IJM.IITN28~
Machrnmiberrsmgeconsidered,
ornegativedependingupon ,
~ >2.4 (approx.) the
<2.4 (approx.)thefirst
.
henceC
Reynolds
The
willnow
ispositive.ThusforthewholerangeofMachnumbersand
nllmbers,c >0.
cjualitativebehaviorofthedownstreampressuredistribution
be established.Thedownstreampressurealongtheinterfaceis
Thefirsttwotermsrepresenttheconstantendpressurewhilethethird
actuallydescribesthevariationofthe
?L
x
py = -Bile -
pressure.Considerthecurve
~3&Ch3e
Itis knownthat B<O, C>O, Al <0, and A3 <O; hence -Bll<O
and JJA3>0. TheconstantsB and C sreofthesameorderofmagni-
tude,but Al isabouttentimesas largeas X3;hence
Therefore,when x = O, y isnegativeand,when x becomeslarge,y is
positivebutsmall.Thepdnt atwhichthemaximumoccursisgivenby .
,:
.
——.—. .
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If
.,
“
isnowinterpretedasthepressurevariation,itisimmediatelyseenthat
thetheoreticalpressuredistributionexhibitstheovercompressionthat
isobservedexperimentally.
RESULTSANDDISCUSSION
Ithasbeenseenthatifthedownstreamthickeningisestimted,
theconstantsA, B, and C arecompletelydeterminedas functionsof
theflowparameters.Withtheouterflowthusdetermined,theboundary-
layergrowthandpressuredistributionscannowbe computed,andhence
theeffectsofMachnumber,Reynoldsnumber,andshockstrengthuponthe
upstreaminfluenceandthelocationoftheseparationpointcambe
studied.(Ofcourse,whentheresultsarecomparedwithexperiment,he
Reynoldsnumbersmustbe lowenoughsothattheboundarylayerwill.
remainlaminar,priorto theinteraction,inthecorrespondingexperi-
mentalcase.)
UpstreamInfluence
Inorderto estimatetheupstreaminfluenceoftheinteraction,
definea lengthinwhichthepressureontheboundary-layerdisplacement
thicknessdecaystoa specifiedfractionof itsamplitudeattheorigin.
ThislengthwouldthenbedeterminedsolelybytheexponentA2. For
example,considertheupstreamboundary-layerdisturbance:
At theorigin
51*(0)= -m#50*
. ..— . ———.—_.— ——.—
-—- ——— .——.—.-—.
-. —-. -—..
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If @o* isdefinedasthedistancerequiredinorderthat
51*.a(-@be*) at xd/bo*where u < 1,
Therefore
Since a isa constantit isseenthattheupstreaminfluenceisthen
inverselyproportionalto A2. Valuesof A2 havebeenplottedinfig-
~e 4. (V~ueeof Xl W A3 we plottedinfigures5 and6,respec-
tively.)ForftiedMachnuniberjxa/~o*increaseswithincreasing
Reynoldsmxiber.ForlsrgeReynolds-znuiber,this
deducedfromtheequation:
ThecoefficientssrefunctionsofMachnumberand
numbersconsidered,therootssrereal.Whenthe
large,itcanbe shownthat
dependencecanbe
-,
.
,.!
fortherangeofMach
Reynoldsnumberis
.
where g4(Re~&) <O and g4 aRe. Thisisinagreementwithlees’
I 1’2. Forresult.Consequently,forlargeReynoldsnumbers,xd 50*aRefixedReynoldsnuuibers,theupstreaminfluencedecreaseswithincreasing
Machnumberas indicatedinfigureh(b). Ifthedisturbanceisconsidered
to decayto,say,5 percentof itsamplitudeattheorigin,itisfound
that,atthehighReynoldsnumbers,andMachnumbersabout2 orless,
theupstreaminfluenceisoftheorderof30boundary-layerdisplacement
thiclmesses.
.—-—— _—— —.— —— . .——z—. .—
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Theresulthat
bermayappeartobe
tobemoreprevalent
theupstresminfluenceincreaseswithReynoldsnum-
disconcertingsincetheviscouseffectsareexpected
atthelowerReynoldsnuuibersandhencetoproduce
a greaterinfluenceupontheupstreamflow.Thisapparentparadoxarises
becausetheupstreaminfluencehasbeenmeasuredinmultiplesofa length
whichisalsodependentuponReynoldsnumber.Iftheabsolutevaluesof
upstreaminfluenceme considered,
xd
— =Rel/2
~o*
But
hence
Xd a 50*Rel/2
or
Xd ccRe-1/2
Thus,measuredonanabsolutescale,theupstreaminfluenceincreases
withdecreasingReynoldsnumber.
As definedabove,thedistanceoftheupstreaminfluenceisdepend-
entsolelyuponMachnuniberandReynoldsnumber.‘Itcanbe redefinedso
thatitwillalsodependupontheshockstrength.Thisisaccomplished
by definingtheupstreaminfluencetobe thatdistanceatwhichthedis-
turbancedecaysto a givenfractionoftheundistrubedvalue.Theper-
turbedboundary-layerdisplacementthicknessaheadofthepointof inci-
denceisgivenby:
where 50* istheundisturbeddisplacementthickness.Theupstream
—— —— ,- .— .— .—
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influenceisthenthedistamceXd/80*to thepointwhere 51*= b50*
and b<l:
Xd
?12== loge
o ()-&
Now A isnegativeanddecreaseswithincreaseofthedeflectiona gle,
sothatforfixedMachnuniberandReynoldsnunber,theupstreaminflu-
encedecreaseswithshockstrength.Iftheupstreaminfluenceismea-
suredtothepointat.whichthedisturbanced cays+to5 percentof its
undisturbedvalue,b = 0.05.Infigure7, xd/50 isplottedagainst
deflectiona gle.For c ~ 2°,.theresultseemtoagreefairlywell
withtheexperimentalvaluespresentedinfigure10,reference2. For
largerdeflectiona gles,however,thetheoreticalvaluesaretoolowin
comparisonwith
thatthelinear
increases.
theexperimentalvalues.Thismightbe duetothefact
theorybecomeslessaccurateasthedeflectiona gle
1
Boundary-~erSeparation
Sincetheouterpotentialflowislmown,thepointof separation
canbecomputedonthebasisthatseparation-occurswhen (@y)w = O.
Now &@y isproportionalto ti/y’ sothatonecanjustaswelluse
(&@y’ )W= O asa criterionforseparation.Inviewoftheassumption
ofa PohJ&ausenveloci~profile,inthetransformedplane
hence,as intheincompressiblecase,separationccursat A = -1.2.
Nowitisknownfromexperienceintheincompressiblecasethat,in
regionsofretardedflow,theK&rm6n-Pohlhausenmethodgivesvaluesof
theskinfrictionthatme toohighandconsequentlypredictseparation
toolateornotatall. Thisfeatureofthemethodisalsotobe
.
.)
.— ——- ——
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.
expected‘h thecompressiblecase,sinceitwasshownby Howarththat
theeffectofcompressibilitysequivalentto exaggeratingthepressure
gradientintheincompres~iblecase(reference13). Inparticular,
StewsrtsonhasusedtheKarman‘ -Pohlhausenmethodtotreatthecaseof
flowagainsta linearpressuregradientandhasshownthatthepredicted
distsacefromtheleadingedgetotheseparationpointisan overestimate
oftheactualvalue(reference21).
Inthepresentproblem,wheretheflowupstreamofthepointof
incidenceis subjectoa positivepressuregradient,thesameoveresti-
mationoftheseparationpointwill,ofcourse,be expected.Butthe
effectsofMachnumber,Reynoldsnumber,andshockstrengthuponthe
separationpointareofprimaryinterest,sothatinaccuracyintheabso-
lutevaluesisuningmrtant.
Itisknownfromtheboundary-layertheorythattheparameterthat
definestheseparationpointis .
( )*=(5’ )2%!1+7; 1%2V. dx
By neglectingproductsof Ut anditsderivatives,
A= [ /](5’)2V. (U/u)(du’/dx)
Now,fromeguation(6),to theorderofappro~tion,
3-27
~7-1 dut
K
Alongtheedgeoftheboundsrylayer,fromtheupstreamsolution(see
equation(18))
.
l
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sothat
Forseparation
,
where
and A2 ispositive,hence
willbe predictedonlywhen
(40)
(%-%1”
separationaheadofthepointof incidence
&A ReA2%>l.-—
Contraryto theseparationphenomenoninordinaryboundary-layer
flow,thelocationoftheseparationpointisinfluencedby theReynolds
number.Thisiseasilyunderstoodwhenoneco~idersthefactthat
separationftheflowiscontrolledby thepressuregradientofthe
outerflow;accordingtoboundsry-layertheory,theouterflowdepends
solelyuponthegeometryofthebody. Consequently,thelocationofthe
separationpointisindependentofReynoldsnumber.Inthepresent
problem,however,anouterflowthatiscompatiblewiththeboundary-
layerflowhastobe found.Thisrelationshipsexpressedby thecondi-
tionwhichreguiresthatthedirectionofthepotentialflowbe thesame
astheslopeofthedisplacementthickness.Sincetheboundary-layer
growthdependsupontheReynolds-number,theouterflow,andeventually
~heseparation&int,must-alsovarywithReynoldsnumber.
,
I
.
.
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.
Inorderto determinetheeffectof shockstrengthupon
oftheseparationpoint,theconstantA mustbe examined:
41
the position
L
FortherangeofMachnumbersandReynoldsnumbersconsidered,the
inthebracketarepositive,sinceA2>0, Al<O, and A3 <o.
foreas e isincreasedA becomesmorenegative;consequently
terms
There-
1
-— A Re A2% becomesmorepositiveandhencetheseparationpointmoves
12
upstream.Thusan increaseof shockstrengthincreasesthedistance
betweentheseparationpointandthepointof incidence.
To express /xs bo* explicitlyintermsofMachnuniberandReynolds
numberwouldbe difficult;hencethisrelationshipwillbe presented
numericallyb varying,separately,theMachnumberandReynoldstier.
Infigure8, linesof constantReynoldsnumberareplottedinthe
xs/80*,6’plane,andtheseparationpoint,measuredinmultiples
of-be*,movesupstreahwithincreasingReynoldsnumber.Thisisnot
toosurprisingsincethesamebehavioroccurswiththeupstreaminflu-
ence.As theupstreaminfluenceincreases,the“self-induced”pressure
gradientwillbeginfartherupstreamandhenceseparationwilloccur
fartherupstream.ForfixedReynoldsnumber,theupstreaminfluence
increasedwithdecreasingMachnuniber,andaccordingly(seefig.9)
theseparationpoint,measuredinmultiplesof be*,movesUpstreamwith
decreasingMachnumber.
Beforeclosingthediscussionon separation,theimportanceof D
inthedeterminationoftheseparationpointshouldbe discussed.The
coefficientsintheexpressionfor A aresuchthat,forfixedReynolds
number,Machnu?iber,anddeflectiona gle,themagnitudeof A increases
as D increases.Theseparationpointhasbeenseentomoveupstream
as A isincreasedinmagnitude,hencean overestimationofthedown-
streamthickeningwouldresultina slightoverestimationoftheupstream
distancetotheseparationpoint.Infigwre9 ‘thevariationofsepara-
tionpointfor.differentMachnumbershasbeenplottedforfixedReynolds
number.Thelocationoftheseparationpointforthecase D = O has
alsobeenplottedinthisfigure.Thesecurvesthusgivethegreatest
lowerboundoftheseparationdistancesinceitislmownthatactually
D >0. A comparisonfresults,revealsthat D hasa verysmalleffect
uponthelocationoftheseparationpoint.ForthehigherWch nwibers
intherangeinvestigated,thepercentagedifferenceb tweenthetwocases
maybe fairlylarge,butthefactthattheseparationdistanceismea-
suredinmultiplesofa boundary-layerdisplacementthicknessmustbe
—. —...
—. . —.
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considered.Inanactualexperimentalmeasurementoftheabsolutedis-
tanceto theseparationpoint,thisdifferencewilIlbe etirernel.ysmall.
.
Hencejforpracticalpurposes,onecm considerD = O whenestimatin&
theseparationpoint.Theresultsobtainedundersuchconditionswill
thenyielda slightunderestimationoftheseparationpoint.
PressureDistribution
Thepressuredisturbamealongthewall(fig.10)decaysexponen-
ti~ froma definitevalueatthepointof incidenceto zerofar
upstreamofthatpoint.Downstreamofthepointofincidencethepres-
surerisesto a maximumvaluebeforedroppingtothevaluecorresponding
toregulareflection.Thisdownstreamovercompressionhasbeenobsened
experimentally,anditappearstobe a characteristicfeatureof shock-
waveinteractionwitha laminarboundarylayer.TheLees’theory,as
mentionedpreviously,failedtopredicthisdownstreambehavior.This
isduetothefactthatan incompletesolutionforthepressurewasused
inthedeterminationofthepressuredistribution.Theboundarylayer
wasdivided,longitudinaJJy,,intofm regions,anditwasassumedthat
thesolutionsto a third-orderdifferentialeguationwerevalidineach
region.Inthetworegionsthatextendedtopositiveandnegativeinfin-
i~, certainsolutionscouldbe rejectedsincetheybecameinfiniteat
theendsoftheirrespectiveregions.Inthefiniteregio~,however,
thecompletesolutionsmustbe retained.TheincompletenessoftheLees’
theory,then,arisesfromthefactthatonlyonetermofthegeneral
.
solutionwasusedineachofthefiniteregions.
.
Thelineartheoryieldspressuredistributionsthataresimilar
irrespective”ofthesizeofthedeflectiona gle.Nowforverysmall
angles,theexperimentalresultsexhibithegeneralbehaviorpredicted
by theory.Infigure10theexperimentalvaluesofthepressuredistri-
butionhavebeenplottedfor e . 1° and &= 2.05. (Inthi.scase,
separationhasprobablynotoccuxredsincethe&we is quiteweak.)The
valuesofthepressureratioweretakenfromfigure13ofreferenceh
andconvertedto thescaleindicated.Theupstresmportionofthis
curvecanbe wellrepresentedby anexponentialcurve,thusverifying
at leastforthiscase,thepredictedexponentialpressurerise.For
largerdeflectiona gles,theexperimentalpressuredistributio~ae .
characterizedby thefamiliarpressure“bump”aheadofthepointofinci- ~
dence,thusindicatingthatseparationhasoccurred.Thelineartheory
iS~e~te, asregardspredictingthisupstreambehavior;hencefor
largedeflectiona glesthetheorymustbe modified,possiblybytaking
accountofthesecond-orderffectsupstreamofthepointof incidence.
.
—
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SHCCK-WAVEINTERACTIONWITHA TURBULENTBOUNDARYLAYER
MethodofApproximations
.
Whentheflowintheboundarylayeristurbulent,theK&r&n
momentum-integralequationwilltakeonthesameformas forthelaminar
boundarylayerexcepthatthequantitiesinvolvedsrenottheexact,but
average,values.However,sincegeneralrelationshipsbetweentheshear
stressandthemeanvelocityinturbulentlayershavenotyetbeenestab-
lished,rigoroustreatmentoftheproblematthistimeis,ofcourse,not
possible.Here,forthepurposeofexhibitingthecharacteristicdif-
ferencebetweenthelaminarandturbulentcases,certainapproximations
sreproposed.
Themomentum-integralequationexpressestheshearstressatthe
wallintermsofthegrowthoftheboundary-layermomentumthicknessand
thevelocitygradient.Usingexperimentalresultsasa guide,therela-
tiveimportanceofthesetermscanbe estimated.Experimentalresults
ofFageandSargent(reference18)showthattheshearstressinfront
oftheshockispracticallyconstant;behindtheshock,it isverysmall.
Therefore,unlikethelaminszcase,theshesrstresstothefirstapproxim-
ation,bothinfrontofandbehindtheshock,canbe regsmdedas con-
stantandhencehasno effectontheperturbedflow. Itfollowsthen
that,inthecaseofa turbulentboundarylayer,thegrowthofthemomen-
tumthicknessisinfluencedprimaril.ybypressurechangesduetothe
presenceofthashock.
To simplifytheproblemfurther,itisnoted,forpracticalpur-
poses,thattheshapeparameterH - 5*/e isrelativelyinsensitiveto
changeventhou@ theremaybe a considerableadversepressuregradient.
Inthetransoniccase,wherethereisa normalshockinthelocalsuper-
sonicregionanda largechangein H isanticipated,H at itsmaximum
isonlyincreasedby a factorofabout1.2(seereference2). Thereason
forthisispossiblythefactthattheincreaseby theshockmaybe
counterbalancedby a decreasedueto compressibilityeffect.Moreover,
inthemomentum-integralequation,thecoefficientofthevelocitygra-
dientis~sitiveandusuallygreaterthanunitywithtitheMachnumber
range;henceonecm ignoretheslightvariationin H andconsiderit
a constant.By thesametoken,theMachnuniberinthiscoefficientcan
alsobe consideredtobe constant.(TheMachnumberenterswhenthe
densityiseliminatedintermsoftheveloci~.)Consequently,the
momentum-integralequationreducesto:
.— — . . —-— .. ——..——._ —
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where
-,
as =2+H
-MW2
SolutionforOuterFlow
,
Similartothepreviouscase,fortheupstreamregion
@l= f(E-%Jl). By applyingtheoriginalconditionaA/d~= a@/~
at q = O,thereisobtainedfromthelineartheory
mJ~3(E-%?) + COmtmt
f = foe
Since ~/a3 >0, thedisturbancesvanishfarupstream. Whena3 is
evaluatedtheexponent~u3 isfoundtobe aboutoneorderlarger
tham x~ ofthelaminarcase.Thisisthewell-knownexperfiental
resultthatthereisverylittleupstreaminfluenceintheturbulent
case.‘1’hiB,therefore,confirmsthe@otheses madeintheprevious
section.
Forthedownstreamsolution
@3= g(E - %7) -&(E +%7)
<
Theoriginaldifferentialeguationremainsthessme;hencethedown-
streamsolutionwouldbe
It showsthatifthesolution $dl iscontinuedtothedownstreamside
thevelocitieswouldbecomeinfiniteatpositiveinfinityandmustbe
rejected.Thereisthereforea principaldifferenceb tweenthelaminar
andturbulentcases.Inthelaminarcaseseveralsolutionsfortheouter
flowwereobtainedandthesolutionappropriateforeitherupstreamor
downstreamcouldbe chosen.Intheturbulentcasethereisno choice
sincethereisonlyonesolutionfortheouterflow,Whichyifcontinued,
failsatpositiveinfinity.Thisindicatesthatlinearizationofthe
flowisincapableofaccountingfortheflownearthepointof incidence
wherethenonlineareffectsbecomehportant.Sincelargechangesin
flowvelocities$anbebroughtaboutonlythrougha shock,inthepres-
.
entproblema reflectedshockmustbe considered.
. ——. —
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Fromgeneralconsiderationsitcanbe arguedthatifoneputsa
shockwavebetwee”nregions2 and3 andconsidersperturbationsofa regu-
lsrreflectionitmaybe possibleto obtaina solutionwhichwillsatis~
theconditionsat infinity.Byperturbingtheregulareflection,there
wouldbe,ineachregion,undisturbedquantitiesplusthetiperturba-
tions. Considerthetotalpotentialinregion3:
(@3=3+ fE -my 3)+g(~+my 3)
At infinityf’= gl = O;alongthereflectedwave ~ - m3~= O,to first
order,thevelocitiesareconstant;hence
ft* g’ = Comtant
Buttofirstorder,alongthewave, f’(0)= Constant;hence
g’(~)= Constant.Therefore,g’(~) iscomt=t throughoutregion3.
But g!= O atinf&ity;hence
Thenattheboundaryl~er
mensional,andthesubstitution
yields
t3’ = O’ inregion3.
d L/d5= -m3fr(~)where
i tothemomentum-integral
—
f isnondi-
equation
-m3f’+ a3ft~= O
i
m a3~f = Constant+ foe3
Now ft= O at infinity;henceonemustchoosef.= O;andthus
f = constant
Thismeansthatbehindthereflectedshock,theflow,tothefirstorder,
isuniform.Sincetheflowbehindtheincidentshockhasundergonecom-
pressionupto thereflectedwave,itcanbe seenthat,to satisfythe
conditionat infinity,thereflectedshocknustbe followedby a very
rapidexpansion.Otherwise,thepressureafterthesecondshockwould
havebeenhigherthanthataftertheregulareflection.It isthere-
foreconcludedthatinthecaseofa turbulentboundqylayertheinci-
dentshockisreflectedasa shockandbehindthereflectedshockthere
.
———._. ___—. —
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mustbe anabruptexpansionsoasto canceltheovercompressionbrought
aboutby thetrainofupstreamcompressionwaves.Theexistenceofthe
shsrpexpamsionbehindthereflectedshockwasalsoconfirmedby experi-
ments(reference9). Thepressuredistributiona dboundary-layer
growth,tothefirstorder,appeartobe discontinuousasshowninfig-
ure12.
DownstreamThickeningforTurbulentBoundaryIayers
Thedownstreamthickeningcanbe estimatedbyuseoftheformula
Nowthedifferenceb tween
differsforthetwocases.
thelaminarandturbulentcasesisthat H
Since,ingeneral,~ <Hz, thedownstream
thickeningintheturbulentcaseislessthanthet~ckeninginthe
correspondinglsminarcase.Empiricalrelationsmustbe reliedonto
estimateH becauseofthelackofknowledgeofthecompressibleturbu-
lentboundarylayer.AccordingtoNitzbergandCrandall(reference19),
forlocalMachnumbersgreaterthanthefree-streamMachnumber,but
lessthan1.4,thecompressibilityeffectiswellapproximatedby
Usethis’relationshiptoestimatethedownstreamthickeningand
thencomparetheresultswiththeexistingexperimentaldata.By
assuminga l/T-powerlawfortheincompressibleprofile,
( )H = 1.29 1 + 0.~m2
Thepredictedthickeningisshowninfigure13. It shows‘thathedown-
streamthickeningincreasesastheMachnunberisdecreased.This
behaviorisalsopresentinthelsminarcase.
Usingthisvalueof H, itwasfoundthatthepredictedthickening
for Mm = 1.44 and e= 4.5° islargerthanthevisuallyestimated
thickeningintheexperimentalcasg.Ontheotherhand,thepredicted
thickeningfor & = 2 and e = 6 isslightlylessthanthevisually
estimatedthickeningintheexperimental.case.It shouldbe noted,how-
ever,that,for M >1.4,a relationshiphasbeenus6dthatissupposedly
.
.
.
.
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—
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validfor M < 1.4. Moreover,thisrelationshipmerelyaccountsforthe
effectsofcompressibility.Itwouldappearthatsomeeffectofthe
shockmustalsobe includedinthedeterminationof H. However,at
thistime,owingtothelackofexactinformation,itmustbe neglected.
Consequently,itappearsthatiftherelationH = 1.29(1+0.41&2)is
usedforMachnumbersnottoomuchlarger,than1.4,onecanexpecto
havea minimumestimateofthedownstreamthickening.
SUMMARYOFRESULTS
An investigationofthereflectionofa weakshockwavefroma
boumdarylayer
1.Inall
alonga flatplateyieldedthefollowingresults.
LaminsrCase
J
casesinvestigated,thepressurealongthewallovercom-
pressesdownstreamofthepointof incidence.Thepressuredisturbance
decaysexponentiallyfroma definitevalueatthepointof incidenceto
zerofarupstresmofthepointof incidence.Downstream,thepressure
risesto a maximumvalueandthenfalls,gradually,totheconstant
valuecorrespondingtoregulareflection.
Theexponentialpressureriseappearstobe verifiedinthecaseof
a shockdeflectiona gleof1°,sinceseparationhasprobablynot
occurred.Forlargerdeflectiona @es (thenextlargerangleforwhich
thereareexperimentalpressuredistributionsis30),theexperimental
pressuredistributionsexhibithefamiliarpressurebumpbetweenthe
separationpointandtheorigin.Fortheseangles,a truecomparison
betweene~erimentalresultsandtheoreticalresultscannotbe made
sincethepresentheorydoesnotaccountfortheeffectsof separation.
2.Iftheupstreaminfluenceisconsideredtobe thedistanceto
thepointatwhichthedisturbancehasdecayedto a specifiedfraction
of itsamplitudeattheorigin,theupstreaminfluence,whenmeasuredin
multiplesoftheboundary-layerdisplacementthicbess 50*,isfoundto
increasewithincreasingReyuoldsnumber:x/80*=(Re/~)1/2 where x
isthecoordinateparalleltotheflowdirection,Re istheReynolds
number,
~=-’
and & isthefree-streamMachnumber.For
decreasingMachn~ery theupstreaminfluencealsoincreases.Ifthe
disturbanceisconsideredto decayto,say,5 percentof itsamplitude
attheorigin,theupstreaminfluencefor ~ X2 and Re%1500 isof
theorderof30boundary-layerdisplacementthichesses.
–—- ——.— ——— —-
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3. Thepressuregradient is
aheadof the pint of incidence.
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suchthattheboundarylayermaysepsrate
Intheeventof separation,an increase -
of shockstrength,forfixedJkchnumbersandReynoldsnumber,increases
thedistancebetweentheseparationpointandthepointof incidence.
ForfixedMachm.uiberandshock-deflectionangle,theseparationpoint ‘ ‘
measuredfi~tiples of ~o* movesupstreamwithincreasingReynolds
nuuiber.Forthecaseof ~ =.1.~ and Re = 2000,theboundarylayer
separatesforallflow-deflectionanglese > 1.030.
ForfixedReynoldsnumberandshock-deflectionangle,thesepara-
tionpoint,measuredinmultiplesof 50*,movesupstreamwithdecreasing
Machnumber.
Fora completedeterminationoftheconstantsof integration,an
estimateofthedownstreamboundary-layerthicknesswasreguired.For
thecasesinvestigated,theeffectofthedownstreamthickeningonthe
outerflowisrathersmall.Infact,forpracticalpurposes,thiseffect
ofdownstreamthickeningcanbe neglectedinthedeterminationofthe
separationpoint.Thedistancebetweentheoriginandtheseparation
pointwillthenbe slightlyunderestimated.
k.Thepresentheoryisapplicableonlytithecasewhena weak
shockis incidentupona laminarboundarylayer.Inadditiontothe
outerflowfield,theboundary-layerdisplacementthicknesshasalso
beenlinearized.Thelatterlinearizationenablesa linesrdifferential
equationwithconstantcoefficientsobe obtainedfortheperturbation
velocitypotential.Thisegua.tionimmediatelyyieldsthegeneralsolu-
tionoftheouterflow.Uponinvestigatingthesizeoftheperturba-
tions,themaximumvelocityperturbationsarefoundtobe about10per-
centorless.Thethiclmessperturbations,ontheotherhand,aremuch
larger,beingabout30percentneartheorigin;thusthelinearization
ofthedisplacementthicknessbecomesquestionableas the point of inci-
denceis approached.Hadthe displacementhicknessnot been linearized,
a rather complicatednonlineardifferential eguationwouldhavebeen
obtainedfromthe boundarycondition for the perturbationvelocity poten-
tial. A solutionofthisequationwouldbe expectedtoyieldmoreaccu-
rate results. However,it is problematicalas to whetherthe equation
couldbe solved withoutthe impositionof additional assumptionswhich,
in themselves,mightnullify-any accuracythat the nonlinearboundary
condition mayprovide.
TurbulentCase
Inthecaseof shock-waveinteractionwitha turbulentboundary
layertheupstreaminfluenceisfoundtobe considerablyessthanin
thelaminsrcase.Inaddition,to firstorder,theincidentwavemust
.,
. .— -. . —.
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be reflectedasa compressionwavefollowedimmediatelyb an expansion
wave,sothattheendpressureconditionissatisfied.
CornellUniversity
IthacajN.Y.,Jan- 11,1952
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Figure 1.- Simplified model of shock-waveboudary-layer interaction,
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I Figure 2.- Shock-wave boundary-layer interaction showing choice of axes.
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Figure6.- Reynolderiumberagainst~3. Re = UbO*/Vo.L”
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Figure7.- Upstreaminfluenceagainstdeflectiona gle.Mm= 2;
Re = Ubo*flo= 2000;and Rex= Uxfi~~ 51,600.
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Figure 8.-separationpointa~instdeflectiona gle.Mm = l.~;
Re = U80*/V0.
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Figure 9.-Sepexatlonpointagainfltdeflectiona gle.Re= w*/~IJ= 2~0.
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Figure 10.- Wall preesure dlatribution. Mm. 2j Re . U~*/Vm.
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Figure 11.- Perturbed boundary-layer displacementthicbesa. & = l.~j
Re = U50*/v0 = 720.
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Figure 1.2.- Downstream
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Figure 13. - Wall pressure distribution.
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